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The ordinarity of an isotrivial elliptic fibration
Junmyeong Jang 1
Abstract : In this paper, we study the ordinarity of an isotrivial elliptic surface de-
fined over a field of positive characteristic. If an isotrivial elliptic fibration π : X → C
is given, X is ordinary when the common fiber of π is ordinary and a certain finite
cover of the base C is ordinary. By this result, we may obtain the ordinary reduction
theorem for some kinds of isotrivial elliptic fibrations.
1 Introduction
Let k be an algebraically closed field of characteristic p > 0 and A be an abelian
variety of d-dimensional over k. The number of p-torsion points of A(k) is given by
pγ(0 ≤ γ ≤ d) and γ is called the p-rank of A. By definition, A is ordinary if γ = d.
There are several equivalent conditions for A to be ordinary. Let FA be the absolute
Frobenius morphism of A. A is ordinary if and only if F ∗X : H
1(OA) → H
1(OA) is
bijective. Also, A is ordinary if and only if the Frobenius morphism on H1(WOA) is
bijective, hereWOA is the sheaf of the Witt vectors of OA. ([6],p.651) The ordinarity of
A is equivalent to that the Newton polygon of A and the Hodge polygon of A coincide
at every level. The definition of ordinarity can be generalized to an arbitrary proper
smooth variety over k. Let us recall the definition of an ordinary variety. ([7]) Let X
be a proper smooth variety of d-dimensional over k and FX be the absolute Frobenius
morphism on X. Let
0→ OX
d
→ Ω1X/k → · · ·
d
→ ΩdX/k → 0
be the deRham complex of X/k. Consider the push forward of the deRham complex
by FX
0→ FX∗OX
d
→ FX∗Ω
1
X/k → · · ·
d
→ FX∗Ω
d
X/k → 0.
In this complex, the exterior differential d is OX -linear, so the kernel and the image
of d are coherent OX -modules. In fact, they are vector bundles. We denote the kernel
and image of d : FX∗Ω
i−1
X/k → FX∗Ω
i
X/k by ZΩ
i−1
X/k and BΩ
i
X/k respectively.
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Definition 1.1. X is (Bloch-Kato-Illusie-Raynaud) ordinary if H i(BΩjX/k) = 0 for all
i and j.
When the crystalline cohomology of X/k, H icris(X/W (k)) is torsion free for each i, X
is ordinary if and only if the Hodge polygon and the Newton polygon coincide at every
level. ([7] p.209) Since ZΩ0X/k ⊂ FX∗OX is equal to the image of F
∗
X : OX →֒ FX∗OX ,
there is an exact sequence
0 −→ OX
F ∗X−→ FX∗OX −→ BΩ
1 −→ 0.
If X is ordinary, H i(BΩ1) = 0 for each i, so the Frobenius morphism on H i(OX) is
bijective for each i. When X is an abelian variety or a curve, the converse also holds.
Let F be a number field and E be an elliptic curve defined over F . The following
theorem is well known.
Theorem 1.2 (Ordinary reduction theorem, [15]). The set of ordinary reduction places
of F for E has a positive density. Moreover for a suitable finite field extension F ′/F ,
the set of ordinary reduction places of F ′ for E has density 1.
The ordinary reduction theorem holds for all abelian surfaces ([11]) and for some
kinds of abelian varieties of higher dimension. ([12] , [9]) It is conjectured that the
ordinary reduction theorem holds for all abelian varieties of all dimensions defined over
a number field. We may think of the ordinary reduction problem for an arbitrary
proper smooth variety defined over a number field. It is known that for an K3-surface,
the ordinary reduction theorem holds. ([3])
In this paper we study the ordinarity of a proper smooth surfaces which admit an
isotrivial elliptic fibration to a proper smooth curve. An isotrivial elliptic fibration
π : X → C is given by a desingularization of a quotient of a product of an elliptic curve
and another curve E × D by a finite group G which acts on both curves faithfully.
(Section 3) Hence the finite group G should be a semi-product of a finite abelian
group of rank at most two and a cyclic rotation group which is Z/6,Z/4,Z/3,Z/2
or the trivial group. If the order of G is relatively prime to the characteristic of the
base field, the ordinarity of the surface X can be determined by the ordinarity of the
common fiber E and a certain finite cover of C. (Theorem 4.1) Using this result we can
prove the ordinary reduction theorem holds for some kinds of isotrivial elliptic surfaces.
(Corollary 4.10) And also we construct an ordinary surface which admits an isotrivial
fibration such that the common fiber is not ordinary. (Example 4.3, 4.4)
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2 Ordinary surfaces
Let k be an algebraically closed field of characteristic p > 0. X is a smooth variety
of d-dimensional over k. Let x be a closed point in X. E´tale locally around x, we
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may assume X is isomorphic to Spec k[t1, · · · , td]. The i-th cohomology sheaf of the
deRham complex of X, HiΩX/k = ZΩ
i/BΩi is a vector bundle and the set of elements
tp−1j1 · · · t
p−1
ji
dtj1 · · · dtji (1 ≤ j1 < j2 < · · · < ji ≤ d) forms a local basis of H
iΩX/k. The
Cartier morphism C : HiΩX/k → Ω
i
X/k defined by
tp−1j1 · · · t
p−1
ji
dtj1 · · · dtji 7→ dtj1 · · · dtji
is globally well defined and is an OX-linear isomorphism. ([6], Chapter 0)
Assume X is a smooth surface over k. Let us think of a pairing
ϕ′ : FX∗OX ⊗BΩ
2 → Ω2X/k
defined by ϕ′(α ⊗ ω) = C(αω). OX ⊂ FX∗OX is the kernel of ϕ
′, so there is the
induced pairing ϕ : BΩ1⊗BΩ2 → Ω2X/k which is perfect. By the Serre duality, we have
H i(BΩ1) = H2−i(BΩ2).
Lemma 2.1. Let X be a proper smooth surface over k. X is ordinary if and only if
F ∗X : H
i(OX)→ H
i(OX) is bijective for i = 1, 2.
Assume X is a proper smooth variety and Y ⊂ X is a smooth subvariety of codimen-
sion ≥ 2. Let X˜ → X be the blow-up along Y . Then X˜ is ordinary if and only if both
of X and Y are ordinary. ([8], p.118) Hence for surfaces, the ordinarity is a birational
invariant.
Lemma 2.2. Let f : X ′ → X be a birational morphism of proper smooth surfaces. X
is ordinary if and only if X ′ is ordinary.
By lemma 2.1., if H1(OX) = H
2(OX) = 0, X is ordinary. In particular, a rational
surface or a classical Godeaux surface is ordinary. Moreover for a rational surface or a
Godeaux surface defined over a number field, the ordinary reduction theorem is trivial.
If H2(OX) = 0, the image of the Albanese map φ : X → AlbX is a smooth curve C.
([2],p.86) AlbX = JacC and φ∗ : H1(OC) → H
1(OX) is isomorphic. Therefore X is
ordinary if and only if C is ordinary.
Proposition 2.3. Let F be a number field and X be a proper smooth surface defined
over F .
(a) If the Kodaira dimension of X, κ(X) = −∞, i.e. X is birationally ruled and
π : X → C is the structure morphism, then the ordinary reduction theorem for X is
equivalent to the ordinary reduction theorem for C.
(b) If κ(X) = 0, the ordinary reduction theorem holds for X.
Proof. If κ(X) = −∞, AlbX = JacC and X → C →֒ JacC is the Albanese map of
X. Hence (a) follows by the above argument. Assume κ(X) = 0. Because of Lemma
2.2, we may assume X is minimal. Assume X is an abelian surface, a K3 surface, an
Enrique surface or a bielliptic surface. If X is an abelian surface or a K3 surface, the
ordinary reduction theorem holds. (Section 1.) If X is an Enrique surface, there exists
an e´tale double cover X ′ → X where X ′ is a K3 surface. If υ is a place of F whose
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residue characteristic6= 2 and the reduction X ′υ is ordinary, Xυ is also ordinary. Hence
the ordinary reduction theorem holds for X. If X is a bielliptic surface, X admits a
smooth elliptic fibration π : X → C to an elliptic curve, C. Here all the fibers of π are
isomorphic to each other and there exists a finite Galois e´tale cover D → C such that
the fiber product X ×C D is isomorphic to a trivial fibration E ×k D, here E is the
common fiber. E ×k D → X is finite Galois e´tale and E ×k D is an abelian surface,
so the ordinary reduction theorem holds for EkD. Hence by a similar argument to the
above, the ordinary reduction theorem holds for X.
Now we consider the ordinarity of fibred surfaces. The fiber product of two curves,
X = C×kD is ordinary if and only if both of C and D are ordinary. ([4],p.91) Indeed,
in the case of a product of two curves,
H1(OC×D) = H
1(OC)⊕H
1(OD) and H
2(OC×D) = H
1(OC)⊗H
1(OD).
Since the Frobenius morphism acts separately, the claim follows. If we regard the fiber
product X = C×kD as a fibred surface equipped with a trivial fibration X → D, then
X is ordinary if and only if both of the base and the generic fiber are ordinary. However
this is not true in general. There is a non-ordinary 3-fold which admits a fibration over
P1 of which every smooth fiber is ordinary. ([8] p.119)
Example 2.4. There is also a non-ordinary fibred surface over P1 of which each smooth
fiber is ordinary. Assume the characteristic of k > 2. Assume C is an ordinary elliptic
curve over k and D is a supersingular elliptic curve over k. A = C ×k D is an abelian
surface of p-rank 1. The height of the formal Brauer group of A is 2. Let X be the
Kummer surface of A. The height of X is equal to the height of A, ([5],p.109) so X is
not ordinary. But X admits a Kummer fibration π : X → P1 given by the quotient of
the projection A→ D by the involution. Each smooth fiber of π is isomorphic to C, so
ordinary, and there are 4 singular fibers which are of type I∗0 in Kodaira’s classification.
In the above example the image of singular fibers in P1 consists of 4 points. The
double cover of P1 ramified over those 4 points is isomorphic to D. Hence although the
base itself is ordinary, the fibration encodes information about D which is not ordinary.
Later we will see this phenomenon in detail.
Let π : X → C be a fibered surface. Since π∗OX = OC , considering the Leray
spectral sequence, π∗ : H1(OC)→ H
1(OX) is injective. And the diagram
X
FX
✲ X
C
π
❄ FC
✲ C
π
❄
is commutative, so if
F ∗X : H
1(OX)→ H
1(OX)
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is bijective,
F ∗C : H
1(OC)→ H
1(OC)
is bijective. Hence if X is ordinary, C is also ordinary. Assume π is generically smooth.
Definition 2.5. We call π is generically ordinary if almost all fibers are ordinary.
π is generically ordinary if and only if the generic fiber of π is ordinary by the
Grothendieck specialization theorem.
Proposition 2.6. Let π : X → C be an elliptic fibration. If H2(OX ) 6= 0 and X is
ordinary, then π is generically ordinary.
Proof. Let us consider the Frobenius diagram of π
X
FX/C
✲ X(p)
W
✲ X
C
π(p)
❄ FC
✲
π
✲
C.
π
❄
(2.1)
Here the right square is cartesian and FX = W ◦ FX/C . There is an exact sequence of
OX(p)-modules
0→ OX(p)
F ∗
X/C
→ FX/C∗OX → B → 0.
Note that the restriction of the cokernel B to a smooth fiber Xx over x ∈ C is just
BΩ1Xx/k. B is not OC-flat at a non-reduced fiber in general. Let N = R
1π∗OX . N is
a line bundle on C. We have the long exact sequence associated to the above exact
sequence via π∗,
0→ OC ≃ OC → π
(p)
∗ B → F
∗
CN
F ∗
X/C
→ N → R1π
(p)
∗ B → 0. (2.2)
Note that H2(OX) = H
1(N) and H2(OX(p)) = H
1(F ∗CN). If π is generically ordinary,
in (2.2), F ∗X/C is injective, otherwise F
∗
X/C = 0. Since
F ∗X = F
∗
X/C ◦W
∗ : H2(OX)→ H
2(OX(p))→ H
2(OX),
if π is not generically ordinary, F ∗X |H
2(OX) = 0, so X is not ordinary.
Remark 2.7. Because the moduli space of elliptic curves is 1-dimensional and the
generic elliptic curve is ordinary, if an elliptic fibration is not generically ordinary, it
should be isotrivial. (Section 3.) If H2(OX) = 0 or the fiber genus is large, the above
proposition may fail. We will see counterexamples later.
5
3 Isotrivial elliptic fibrations
Let k be an algebraically closed field and char(k) 6= 2, 3. π : X → C is an elliptic
fibration over k.
Definition 3.1. We say π is isotrivial if all the smooth fibers of π are isomorphic to
each other.
We recall a systematical construction of isotrivial elliptic fibrations. ([2] chapter 6,
[14]) Let π : X → C be an isotrivial elliptic fibration and E be the common fiber of π.
Let U = C−{the image of the singular fibers of π}. There exists a finite cover U ′ of U
such that
U ′ ×U V = U
′ ×k E.
Let C ′ be the proper smooth model of U ′. We may assume f : C ′ → C is Galois. Let
H be the Galois group of C ′/C and X ′ = X ×C C
′. X ′ has an H-action coming from
the H-action of C ′. This H-action on X ′ is compatible with the H-action on C ′ via
the projection X ′ → C ′. Since X ′ is birationally equivalent to C ′ ×k E and C
′ ×k E is
minimal, there is an H-action on C ′ ×k E
ρ : H × C ′ ×k E → C
′ ×k E
which is compatible with the action on C ′ via the projection. By [2],p.102 with a slight
modification, there exist a finite e´tale cover g : D → C ′ and a finite group G which
acts on both of D and E such that
D/G ≃ C ′/H = C and (D ×k E)/G ≃ (C
′ ×k E)/H.
Here the action of G on D ×k E is the product of the actions on D and E. We may
assume the actions of G on E and D are faithful. (D ×k E)/G may have isolated
singularities and is birationally equivalent to X. Let IsoE be the group of k-variety
automorphisms of E and AutE be the group of elliptic curve automorphisms of E.
AutE = Z/2 if j(E) 6= 0, 1728, AutE = Z/4 if j(E) = 1728 and AutE = Z/6 if
j(E) = 0. ([16],p.103) IsoE = E(k) ⋊ AutE. Since G acts faithfully on E, G ⊂ IsoE
and G = T ⋊ R where T ⊂ E(k) and R is embedded into AutE by the projection
IsoE → AutE, so R is cyclic. Adjusting the 0-point of E, we may regard R ⊂ AutE.
In particular G is solvable. Let Y = (E × D)/G. We assume the characteristic of k
does not divides |G|. T = Z/n1 ⊕ Z/n2 where n2|n1 and R = Z/6, Z/4, Z/3, Z/2, or
trivial. Let f : X˜ → Y be the standard desingularization which resloves the quotient
singularities by Hirzebruch-Jung stirngs. ([14],p.64) π˜ : X → C = D/G is an isotrivial
elliptic fibration. In general π˜ is not relatively minimal. Since |G| is relatively prime
to the characteristic of the base field, each singularity of Y is a rational singularity, so
f∗ : H i(OY ) → H
i(OX˜ ) is isomorphic for each i. Let us think of the G-action on E.
The following lemma is well-known.
Lemma 3.2. A finite abelian group G acts on a variety X over k. Assume |G| is
relative prime to the characteristic of the base field k. Let Y be the quotient X/G and
p : X → Y be the projection. Then p∗OX = ⊕χLχ where Lχ is a coherent OY -module
on which G acts through the character χ : G→ k∗
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Let a finite groupG act on a variety S and T = S/G. IfG is solvable and |G| is relative
prime to the characteristic of the base field, by the above lemma, H i(OT ) = H
i(OS)
G.
Let E′ = E/T . Since T is a translation group of E, E′ is an elliptic curve and
E → E′ is isogeny. If R is Z/3, Z/4 or Z/6, E′ is isomorphic to E. Assume R is not
trivial, and g : E′ → E′/R = P1 is the canonical map. The following lemma is trivial.
Lemma 3.3. (a) If R = Z/2, g∗OE′ = OP1 ⊕ OP1(−2) and 1 ∈ Z/2 acts on OP1(−2)
by multiplying −1. There are 4 ramification points of ramification index 2.
(b) If R = Z/3, g∗OE′ = OP1 ⊕OP1(−1)⊕OP1(−2) and there is a primitive 3rd root of
unity ξ3 such that 1 ∈ Z/3 acts on OP1(−2) by multiplying ξ3. There are 3 ramification
points of ramification index 3.
(c) If R = Z/4, g∗OE′ = OP1 ⊕ OP1(−1)
⊕2 ⊕ OP1(−2) and there is a primitive 4th
root of unity ξ4 such that 1 ∈ Z/4 acts on OP1(−2) by multiplying ξ4. There are 2
ramification points of ramification index 4 and 2 ramification points of ramification
index 2 which are conjugate to each other.
(d) If R = Z/6, g∗OE′ = OP1 ⊕OP1(−1)
⊕4⊕OP1(−2) and there is a primitive 6th root
of unity ξ6 such that 1 ∈ Z/6 acts on OP1(−2) by multiplying ξ6. Here ξ
2
6 = ξ3. There
are 1 point of ramification index 6, 2 points of ramification index 3 and 3 points of
ramification index 2.
Let π : X → C be the minimal relative model of π˜ : X˜ → C. X˜ → X contracts
every −1-curve in a fiber of π˜. Let us recall the figure of a singular fiber of π : X → C.
([1],p.157, [10], [14]) Since |G| is relative prime to the characteristic of k, for any x ∈ D,
the stabilizer of x, Stabx(G) ⊂ G is a cyclic group. By an easy calculation, we can
check Stabx(G) ⊂ T or Stabx(G) ⊂ R. Let y ∈ C be the image of x. Yy is the fiber of
Y → C over y, X˜y is the fiber of π˜ : X˜ → C over y and Xy is the fiber of π : X → C
over y. El(Xy) is the l-adic Euler characteristic of Xy,
El(Xy) =
∑
(−1)i dimQl H
i(Xy,Ql).
Here l is a prime number different from the characteristic of k. We have several cases.
(i) Assume Stabx(G) ⊂ T . Yy is |Stabx(G)|(E/Stabx(G)). Note that every point Yy
is non-singular on Y . Hence Xy = X˜y = Yy and El(Xy) = 0,
(ii) Assume Stabx(G) ⊂ R and isomorphic to Z/2. Yy has 4 singular points of type
A1. After the Hirzebruch-Jung resolution, X˜ is a fiber of type I
∗
0 which is minimal.
Xy = X˜y and El(Xy)=6.
(iii) Assume Stabx(G) ⊂ R and isomorphic to Z/3. Let
OˆD,x = lim
←
OD,x/m
n
x ≃ k[[t]].
Assume 1 ∈ Z/3 acts on OˆD,x by multiplying ξ3. Then Yy has 3 singular points of type
A3,1 and X˜y is 3L1 +L2 +L3 +L4, where each Li is a non-singular rational curve and
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the intersection matrix is 

−1 1 1 1
1 −3 0 0
1 0 −3 0
1 0 0 −3

 .
After blowing down L1, Xy is type of IV and El(Xy) = 4. Assume 1 ∈ Z/3 acts on
OˆD,x by multiplying ξ
−1
3 . Yy has 3 singular points of type A2. X˜y = Xy is a fiber of
type IV ∗. El(Xy) = 8.
(iv) Assume Stabx(G) ⊂ R and isomorphic to Z/4. Assume 1 ∈ Z/4 acts on OˆD,x
by multiplying ξ4. Yy has 2 singular points of type A4,1 and 1 singular point of type
A1. X˜y is 4L1 +L2 +2L3 +L4, where each Li is a non-singular rational curve and the
intersection matrix is 

−1 1 1 1
1 −4 0 0
1 0 −2 0
1 0 0 −4

 .
After blowing down twice, the fiber Xy is of type III. El(Xy) = 3. Assume 1 ∈ Z/4
acts on OˆD,x by multiplying ξ
−1
4 . Yy has 1 singular point of type A1 and 2 singular
points of type A3. X˜y is minimal and of type III
∗. Xy = X˜y and El(Xy) = 9.
(v) Assume Stabx(G) ⊂ R and isomorphic to Z/6. Assume 1 ∈ Z/6 acts on OˆD,x by
multiplying ξ6. Yy has 1 singular point of type A6,1, 1 singular point of type A3,1 and 1
singular point of type A1. X˜y is 6L1+L2+2L3+3L4, where each Li is a non-singular
rational curve and the intersection matrix is


−1 1 1 1
1 −6 0 0
1 0 −3 0
1 0 0 −2

 .
After blowing down three times, Xy is of type II and El(Xy) = 2. Assume 1 ∈ Z/6
acts on OˆD,x by multiplying ξ
−1
6 . Yy has 1 singular point of type A5, 1 singular point
of type A2 and 1 singular point of type A1. X˜y is minimal and of type II
∗. Xy = X˜y
and El(Xy) = 10.
Let El(X) =
∑
(−1)i dimQl H
i
et(X,Ql). Then
El(X) =
∑
El(Xy),
here El(Xy) = 0 if Xy is smooth, so the right hand side is a finite sum. Since X is
relatively minimal, K2X = 0. By the Noether formula, we obtain
12χ(OX ) = El(X).
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On the other hand, H i(OX) = H
i(OY ) and
H1(OY ) = H
1(OC)⊕H
1(OE)
G and H2(OY ) = (H
1(OE)⊗H
1(OD))
G.
Let D′ = D/T . R is the Galois group of D′/C. Let ρD′ be the R-action on D
′.
g : D′ → C is the canonical quotient map. Let n = |R| and χ : R→ k∗ be a character
satisfying χ(1) = ξn. Then g∗OD′ = ⊕
n−1
i=0 Li, where R acts on Li through χ
i. Since R
acts on D′ faithfully, each Li is a line bundle on C and L0 = OC . Note that if n > 2,
there is another R-action ρ′D′ on D
′ such that ρ′D′(1) acts on L1 by multiplying ξ
−1
n .
Let a2 be the number of branch points of ramification index 2 for D
′/C. For i = 3, 4, 6,
let a+i be the number of branch points of ramification index i for D
′/C such that at a
corresponding ramification point, 1 ∈ Z/i ⊂ R acts by multiplying χ. a−i is the number
of branch points such that at a corresponding ramification point, 1 acts by multiplying
χ−1.
Proposition 3.4. We assume all the above notations.
(a) Assume R is trivial. Y is smooth X = Y . H1(OX) = H
1(OE) ⊕ H
1(OC),
H2(OX) = H
1(OE)⊗H
1(OC). R
1π∗OX = OC . χ(OX) = El(X) = 0.
(b) Assume R = Z/2. H1(OX) = H
1(OC) and H
2(OX) = H
1(OE) ⊗ H
1(L1).
R1π∗OX = L1. degL1 = −a2/2. χ(OX) = a2/2 and El(X) = 6a2.
(c) Assume R = Z/3. H1(OX) = H
1(OC) and H
2(OX) = H
1(OE) ⊗ H
1(L2).
R1π∗OX = L2. − degL2 = χ(OX) =
1
3(a
+
3 + 2a
−
3 ) and degL1 = −
1
3(2a
+
3 + a
−
3 ).
El(X) = 4a
+
3 + 8a
−
3 .
(d) Assume R = Z/4. H1(OX) = H
1(OC) and H
2(OX) = H
1(OE) ⊗ H
1(L3).
R1π∗OX = L3. − degL3 = χ(OX) =
1
4(a
+
4 + 3a
−
4 + 2a2) and degL1 = −
1
4(3a
+
4 +
a−4 + 2a2). degL2 = −
1
2(a
+
4 + a
−
4 ). El(X) = 3a
+
4 + 9a
−
4 + 6a2.
(e) Assume R = Z/6. H1(OX) = H
1(OC) and H
2(OX) = H
1(OE) ⊗ H
1(L5).
R1π∗OX = L5. − degL5 = χ(OX) =
1
6 (a
+
6 + 5a
−1
6 + 2a
+
3 + 4a
−
3 + 3a2). degL1 =
−16(5a
+
6 +a
−
6 +4a
+
3 +2a
−
3 +3a2). degL3 = −
1
2(a2+a
+
6 +a
−
6 ). degL2 = −
1
3(a
+
6 +a
−
3 +
2a−6 +2a
+
3 ). degL4 = −
1
3(2a
+
6 +2a
−
3 +a
−
6 +a
+
3 ). El(X) = 2a
+
6 +10a
−
6 +4a
+
3 +8a
−
3 +6a2.
Proof. If R is trivial, any g ∈ G has no fixed point on D × E, so Y is smooth and
X = Y . Moreover G = T and T acts trivially on H1(OE). Since
dimH1(OX) = genC + dimH
0(R1π∗OX) and dimH
2(OX) = dimH
1(R1π∗OX),
by the Riemann-Roch theorem, degR1π∗OX = 0 and dimH
0(R1π∗OX) = 1. Hence
R1π∗OX = OC . This proves (a). Let Z = (E × D)/T and consider the following
diagram
E ×D
α
✲ Z
β
✲ Y
D
p
❄ h
✲ D′
q
❄ g
✲ C.
r
❄
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Because α, β, h, g are finite morphisms,
R1r∗(β ◦ α)∗OE×D = (g ◦ h)∗R
1p∗OE×D.
One hand, we have
(R1r∗(β ◦ α)∗OE×D)
G = R1r∗OY = R
1π∗OX .
On the other hand,
((g ◦ h)∗R
1p∗OE×D)
G = (H1(OE)⊗OD)
G = (H1(OE)⊗OD′)
R = Ln−1.
When R = Z/2, π has a2 fibers of type I
∗
0 . Therefore
El(X) = 6a2 = 12χ(OX ) = −12 degR
1π∗OX .
This proves (b). Now let ρD be the given action of G on D. λ : G → G is an
automorphicm of G given by (a, b) ∈ T ⋊R 7→ (a,−b). Let
ρ′D = ρD ◦ λ : G→ AutD
and π′ : X ′ → C be the minimal isotrivial elliptic fibration associated to the action
ρE × ρ
′
D on E×D. Assume R = Z/3. π has a
+
3 fibers of type IV and a
−
3 fibers of type
IV ∗. Thus
El(X) = 4a
+
3 + 8a
−
3 .
On the other hand, π′ has a+3 fibers of type IV
∗ and a−3 fibers of type IV , so
El(X
′) = 8a+3 + 4a
−
3 and R
1π′∗OX′ = L1.
This proves (c). If R = Z/4, let g′′ : D′′ → C be the intermediate double covering of
D/C. Then g′′∗OD′′ = OC ⊕ L2. Since the number of branch points of g
′′ is a+4 + a
−
4 ,
degL2 = −
1
2(a
+
4 + a
−
4 ). The rest of proof of (d) is similar to that of (c). If R = Z/6,
let g′′′ : D′′′ → C be the intermediate triple cover of D/C. g′′′∗ OD′′′ = OC ⊕ L2 ⊕ L4.
1 ∈ Z/3 = Gal(D′′′/C) acts on L2 by multiplying ξ
2
6 = ξ3. Let x ∈ D
′ be a point
of ramification index 3. Assume 2 ∈ Z/6 = R is the generator of Z/3 ⊂ Z/6 acting
on OD′,x by multiplying ξ3. y = g(x) and z is the unique point in D
′′′ lying over x.
Then 1 = 4 ∈ Gal(D′′′/C) acts on OD′′′,z by multiplying ξ
2
3 . Hence the number of
ramification points of D′′′/C corresponding to the character χ3 is a
+
6 +a
−
3 . In the same
way, the number of ramification points corresponding χ23 is a
−
6 + a
+
3 . By part (c),
degL2 = −
1
3
(a+6 + a
−
3 + 2a
−
6 + 2a
+
3 ) and degL4 = −
1
3
(2a+6 + 2a
−
3 + a
−
6 + a
+
3 ).
This finishes the proof.
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4 Frobenius morphism of isotrivial elliptic fibrations
Let k be an algebraically closed field of characteristic p > 3. We resume the notations
of the last section. Remind that π′ : X ′ → C is the minimal isotrivial fibraiton
associated to the G-action ρE × ρ
′
D on E ×D.
Theorem 4.1. (a) If R is trivial, X is ordinary if and only if both of E and C are
ordinary.
(b) If R = Z/2 and X is not rational, X is ordinary if and only if both of E and D′
are ordinary.
(c) If R = Z/3, unless both of X and X ′ are rational, both of X and X ′ are ordinary
if and only if both of D′ and E are ordinary.
(d) If R = Z/4, unless both of X and X ′ are rational, both of X, X ′ are ordinary if
and only if both of E and C are ordinary and genD′−genD′′ = p-rank of D′ − p-rank
of D′′.
(e) If R = Z/6, unless both of X and X ′ are rational, all of X, X ′, D′′ are ordinary
if and only if both of E and C are ordinary and genD′ − genD′′′ = p-rank of D′ −
p-rank of D′′′.
Proof. When R is trivial,
H1(OX) = H
1(OE)⊕H
1(OC) and H
2(OX) = H
1(OE)⊗H
1(OC).
Since the Frobenius morphism acts separately, F ∗X is bijective on H
1(OX) and H
2(OX)
if and only if F ∗E |H
1(OE) and F
∗
C |H
1(OC) are bijective. When R = Z/2,
H1(OX) = H
1(OC) and H
2(OX) = H
1(OE)⊗H
1(L1).
Under the assumption, X is ordinary if and only if F ∗E |H
1(OE), F
∗
C |H
1(OC) and
F ∗D′ |H
1(L1) are bijective, i.e. E and D
′ are ordinary. When R = Z/3,
H1(OX ) = H
1(OX′) = H
1(OC), H
2(OX) = H
1(OE)⊗H
1(L2)
and H2(OX′) = H
1(OE)⊗H
1(L1).
Under the assumption, if X and X ′ are ordinary, C and E are ordinary and F ∗D′ are
bijective on H1(L1) and H
1(L2). Hence F
∗
D′ |(H
1(OC)⊕H
1(L1)⊕H
1(L2)) is bijective,
so D′ is ordinary. The converse also holds. Note that when R = Z/3, j(E) = 0 and E
is ordinary if and only if p ≡ 1 (mod 6). If so, F ∗D′ sends L1 into L1 and L2 into L2
respectively. When R = Z/4,
H1(OX ) = H
1(OX′) = H
1(OC), H
2(OX) = H
1(OE)⊗H
1(L3)
and H2(OX′) = H
1(OE)⊗H
1(L1).
Under the assumption, if X and X ′ are ordinary, C and E are ordinary and F ∗D′ are
bijective on H1(L1) and H
1(L3). Again note that in this situation, j(E) = 1728 and
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p ≡ 1 (mod 4). Let OD′ = OD′′ ⊕M as an OD′′-module. g
′′
∗M = L1 ⊕L3. F
∗
D′ |H
1(M)
is bijective if and only if
genD′ − genD′′ = p-rank of D′ − p-rank of D′′.
Hence (d) is valid. For (e), note that as an OD′′′-module, OD′ = OD′′′ ⊕M where
M = L1⊕L3⊕L5 and OD′′ = OC ⊕L3. The rest of proof is similar to that of (d).
Corollary 4.2. Let π : X → C be an isotrivial elliptic fibration and E be the generic
common fiber. If X is ordinary and E is supersingular, then C = P1 and X is rational.
Proof. By the proof of the above theorem, H1(R1π∗OX) should be 0. Since degR
1π∗OX ≤
0, C = P1 and R1π∗OX = OC or O(−1). If R
1π∗OX = OC , R is trivial and
H1(OX) = H
1(OE), so X is not ordinary. Hence R
1π∗OX = O(−1) and X is ra-
tional.
Example 4.3. There exists an rational isotrivial elliptic fibration whose generic fiber
is supersingular. Let E be a supersingular elliptic curve and ρE be the action of Z/2 on
E by (−1)-involution. D = P1 and ρD is the action of Z/2 given by x 7→ −x where x
is an affine coordinate of P1. Let X → P1 be the isotrivial elliptic fibraiton associated
to the Z/2 action ρE × ρD on E×D. Then El(X) = 12, so X is rational and ordinary,
but the generic fiber, E is supersingular.
Example 4.4. There exists an ordinary fibred surface π : X → C of fiber genus≥ 2
such that the generic fiber is not ordinary. There is a cyclic e´tale covering of curves
D → C of order n such that p ∤ n, C is ordinary and D is not ordinary. ([13],p.76)
Let G = T = Z/n. G has the canonical action on D. Let E be an ordinary elliptic
curve. P ∈ E(k) is an n-torsion point. G acts on E through the translation by P . Let
Y = (D × E)/G. Y → C is an isotrivial elliptic fibration with R = 0. Since C and E
are ordinary, Y is ordinary by Theorem 4.1.(a). But for the fibration π : Y → E/G,
every fiber of π is isomorphic to D, so not ordinary.
Now assume the generic fiber E of an isotrivial elliptic fibration π is ordinary. Let
us recall the Frobenius diagram of π (2.1)
X
FX/C
✲ X(p)
W
✲ X
C
π(p)
❄ FC
✲
π
✲
C
π
❄
and an exact sequence of OX(p)-modules
0→ OX(p) → FX/C∗OX → B → 0.
Since π is generically ordinary, from (2.2) we obtain
0→ F ∗Cπ∗OX
F ∗
X/C
→ π∗OX → R
1π
(p)
∗ B → 0.
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Let H = R1π
(p)
∗ B. H is a positive divisor concentrated on the image of singular fibers.
Assume d = − degR1π∗OX . The degree of H is d(p − 1).
Definition 4.5. We say the divisor H, the Hasse divisor of π and the multiplicity of
H at x ∈ H, the Hasse multiplicity of π at x.
Proposition 4.6. Let π : X → C be a minimal generically ordinary isotrivial elliptic
fibration. For x ∈ C, Xx is the fiber of π over x. Then the Hasse multiplicity of π at
x is 112(p − 1)El(Xx).
Proof. Assume Xx is not a multiple fiber. The Hasse multiplicity at x depends only
on the type of Xx. Indeed, X ⊗OC OˆC,x is the relatively minimal desingularization of
the quotient of E ×k OˆD,y by Staby(G) where y is a ramification point lying over x.
It depends only on the type of the fiber Xx. Since the relative Frobenius morphism is
compatible with the base change, the Hasse multiplicity is also determined by X ⊗OC
OˆC,x. Now consider the case D = P
1, G = R = Z/2 and G action on D is given
by x 7→ −x, where x is an affine coordinate of P1. Let X be the minimal isotrivial
elliptic fibration associated to (E × D)/G. Then El(X) = 12 and the fibration has
two fibers of type I∗0 . The degree of H is p − 1, so the Hasse multiplicity at the
image of a fiber of type I∗0 is
1
2(p− 1) which is
1
12(p− 1) times the Euler characteristic
of the fiber. Assume j(E) = 1728. G = R = Z/4 acts on E via an isomorphism
ǫ : Z/4 ≃ AutE. The minimal fibration π : X → P1 associated to (E × E)/G has 1
fiber of type I∗0 and 2 fibers of type III. El(X) = 12 and degH = (p − 1). Hence the
Hasse multiplicity at the image of a fiber of type III is 14 (p− 1). Now assume E
′ = E
and G = Z/4 acts on E′ through the other isomorphism −ǫ : Z/4 → AutE. The
fibration π′ : X ′ → P1 associated to (E × E′)/G has 1 fiber of type I∗0 and two fibers
of type III∗ and El(X) = 24. Hence degH = 2(p − 1) and the Hasse multiplicity at
the image of the fiber of type III∗ is 34(p − 1). When j(E) = 0, there are two actions
of Z/3 on E and two actions of Z/6 on E. It follows by a similar arguments to the
above, that the Hasse invariants at the image of fiber of type II, II∗, IV and IV ∗ are
1
6 (p− 1),
5
6(p − 1),
1
3(p− 1) and
2
3(p − 1) respectively.
Remark 4.7. Let h be the Hasse multiplicity of π at x ∈ C. Let Xˇ = X ⊗OC OC,x
and πˇ : Xˇ → SpecOC,x. Then Rπˇ∗(B|Xˇ) is quasi isomorphic to
0→ 0→ OC,x/p
h → 0,
here the non-zero term occurs only at the 1st level. Therefore,
RH(B|Xx) = Rπˇ∗(B|Xˇ)
L
⊗ (OX,x/mx)
is quasi isomorphic to
0→ OX,x/m
h
x
×pix→ OX,x/m
h
x → 0,
here πx is a uniformizer of OX,x. Hence H
0(B|Xx) = H
1(B|Xx) = k if h > 0 and both
are 0 if h=0. Therefore the cohomologies of B|Xx does not contain information about
the Hasse multiplicity, but only the “ordinarity” of the fiber. Note that B|Xx is the
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cokernel of the Frobenius morphism of the structure sheaf of Xx, so it depend only on
the fiber Xx. The above proposition shows that for an isotrivial elliptic fibration with a
ordinary generic fiber, the Hasse multiplicity of a singular fiber is just a multiple of the
Euler characteristic of the fiber by a constant determined by the characteristic of the
base field. However for a non-isotrivial elliptic fibration, this problem is subtle because
of the existence of smooth supersingular fibers.
Remark 4.8. The Frobenius morphism on H2(OX) is determined by R
1π∗OX and
the Hasse divisor. Recall from the Frobenius diagram (2.1), FX = W ◦ FX/C and
H2(OX) = H
1(R1π∗OX). W
∗ : H2(OX) → H
2(OX(p)) is equal to the H
1 of the
morphism
F ∗C : R
1π∗OX → FC∗OC ⊗R
1π∗OX
which depends only on R1π∗OX . And F
∗
X/C : H
2(OX(p)) → H
2(OX) is equal to the
H1 of
F ∗X/C : F
∗
CR
1π∗OX
D
→ R1π∗OX .
When C = P1, R = Z/2 and D′ is a hyperelliptic curve, these morphisms can be
expressed precisely. Let [x, y] be a projective coordinate of P1. Assume R1π∗OX =
O(−d).
1
xd−1y
,
1
xd−2y2
, · · · ,
1
xyd−1
forms a basis of H1(O(−d)). The image of W ∗ : H1(O(−d)) → H1(O(−pd)) is gener-
ated by
1
xp(d−1)yp
,
1
xp(d−2)y2p
, · · · ,
1
xpyp(d−1)
.
We may regard the Hasse divisor D as a homogeneous polynomial in x, y of degree
(p − 1)d, say k[x, y] =
∑(p−1)d
i=0 aix
iy(p−1)d−i. The image of 1
xjyk
by
F ∗X/C : H
1(O(−pd))→ H1(O(−d)) is
aj−1
1
xyd−1
+ · · ·+ aj−d+1
1
xd−1y
,
the sum of the 1
xd−1y
, 1
xd−2y2
, · · · , 1
xyd−1
terms of k[x,y]
xjyk
=
∑(p−1)d
i=0 ai
xiy(p−1)d−i
xjyk
. If we
arrange the coefficients of 1
xd−1y
, · · · , 1
xyd−1
of F ∗X/C(
1
xjpykp
) properly, it makes the Hasse
matrix of the hyperelliptic curve D′. Hence X is ordinary if and only if D′ is ordinary.
This recovers Theorem 4.1.(b) for this case.
Theorem 4.9. Let π : X → C be an isotrivial elliptic fibration associated to an action
of a finite group G = T ⋊R on E ×D defined over a number field F and D′ = D/T .
(a) If R is trivial, the ordinary reduction theorem holds for X if and only if it holds for
C.
(b) If R is non-trivial, the ordinary reduction theorem holds for X if it holds for D′.
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Proof. Since the ordinary reduction theorem holds for E, there are a number field
F ′ ⊃ F and MF ′ , a set of places of F
′ of density 1, such that for each υ ∈ MF ′ , the
reductions of E ⊗ F ′ is ordinary. If C satisfies the ordinary reduction theorem, there
are also a number field F ′′ ⊃ F and MF ′′ , a set of places of F
′′ of density 1, such
that for each υ ∈ MF ′′ , the reduction of C ⊗ F
′′ is ordinary. Hence for a number field
F ′′′ ⊃ F ′ ∪ F ′′, the set of places of F ′′′, MF ′′ ∩MF ′′′ has density 1 and at a place in
MF ′′ ∩MF ′′′ , the reductions of both of C and E are ordinary. By theorem 4.1, (a) is
valid. The same argument can be applied to (b)
Corollary 4.10. Let π : X → C be an isotrivial elliptic fibration defined over a number
field F . Assume each non-multiple singular fiber of π is of type I∗0 .
(a) If genC = 0 and χ(OX) ≤ 3, then the ordinary reduction theorem holds for X.
(b) If genC = 1 and χ(OX) ≤ 1, then the ordinary reduction theorem holds for X.
(c) If genC = 2 and R1π∗OX = OC , then the ordinary reduction theorem holds for X.
Proof. Note that if j(E) 6= 0, 1728, the assumption is valid. Since a proper smooth
curve of genus ≤ 2 satisfies the ordinary reduction theorem, by the above theorem, the
claim follows.
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